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ABSTRACT A fragment approach is used to derive statistical parameters of networks prepared from4the 
free-radical polymerization of an A, + Ar system, allowing different termination mechanisms to take place 
simultaneously. When the termination mechanism is shifted from chain transfer and/or disproportionation 
to combination, gelation is advanced by a factor 2/3, the amount of soluble material in the polymer fraction 
decreases, and the amount of elastic material in the polymer increases while showing a higher concentration 
of the cross-linking points of the highest possible functionality. Different macroscopic properties are, thus, 
expected for the resulting networks. 

Introduction 
Statistical parameters of networks arising from the 

free-radical polymerization of polyfunctional monomers 
have been derived by several authors,l+ using methods 
related to the theory of stochastic branching processes. A 
common limitation of these developments is that they do 
not consider, a t  least correctly, the case where different 
termination mechanisms take place simultaneously (the 
approximation used in ref 2 and 3, where termination by 
combination is considered statistically equivalent to 
propagation is not correct, hs may be realized by analyzing 
the resulting expressions when combination is the exclusive 
termination mechanism). 

Little is known about chain termination mechanisms for 
most monomers. Structural factors affecting the termi- 
nation mechanism are the number of hydrogen atoms 
available for disproportionation and the bulkiness of 
substituents on the radical carbon atom. Increases in both 
factors enhance the termination by disproportionation. 
For example, in the case of styrene, it is generally agreed 
that termination takes place almost exclusively by com- 
bination over a wide range of temperatures. In the case 
of methyl methacrylate, both mechanisms are operative 
but the relative contribution of disproportionation in- 
creases with temperature (in this case there are bulky 
substituents and five hydrogens available for dispropor- 
tionation). Chain transfer is obviously enhanced by adding 
a transfer agent. In any case, it is important to estimate 
the incidence of a shift in the termination mechanism on 
pre- and postgel properties of the polymer. 

The aim of this part is to use the fragment approach 
previously developed' and to derive statistical parameters 
of networks prepared from the free-radical polymerization 
of an A2 + Af system, allowing different termination 
mechanisms to take place simultaneously. As any double 
bond is a bifunctional unit, the functionality f of the po- 
lyfunctional monomer is always an even number. The 
present derivation retains the classical simplifying as- 
sumptions: (i) all double bonds are equally reactive, (ii) 
there are no substitution effects, and (iii) no intramolecular 
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reactions occur in finite species. The validity of the last 
hypothesis may be questionable a t  the Beginning of the 
reaction, when there is a finite probability for the radical 
a t  the end of a growing chain to react with double bonds 
pendant on its own chain? The present analysis is then 
restricted to systems with a low concentration of the po- 
lyfunctional monomer At 

Fragment Approach 
Table I shows the species and fragments that may be 

identified for a particular reaction extent p .  An Af mol- 
ecule, with mass Mf,  is fragmented into a skeleton with f / 2  
branches, devoid of mass, and f / 2  double bonds, the mass 
of each one being M f ( 2 / f ) .  In order to regenerate the Af 
structure, (a) linkages must be joined with (p)  linkages. 

The probability that a reacted double bond propagates 
the chain is defined as 

where r p  is the propagation rate and rt, rd, and r, are ter- 
mination rates by chain transfer, disproportionation, and 
combination, respectively. 

The probability that termination occurs by combination 
is defined as 

By use of the definitions given by eq 1 and 2, the molar 
concentration of every species and fragment may be cal- 
culated, as is shown in Table I. In order to regenerate the 
structure, it must be taken into account that (+) linkages 
must be joined with (-) linkages, (a) linkages with (p)  
linkages, and arrows among themselves. As the concen- 
tration of (+) linkages must be equal to the one of (-) 
linkages, the concentration of initiator fragments must 
equal that of terminating units. Similarly, Table I shows 
that the concentration of (a) linkages is equal to the one 
of (0) linkages = fAf/2. 

At  any reaction extent p ,  the unreacted Af monomer 
verifies that not one of its f / 2  double bonds has reacted. 
Then, its concentration is given by Af(1 - p )  f f z ,  with an 
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where 
M *  = (1 - U f ) M Z  + UfMf 

F(P,q,E) = 1 - Q - P(2q + f h f ( f / 2  - 1) 

(16) 

(17) 

Gelation is attained when all the average weights go to 

(18) 

For E = 0, i.e., when termination takes place by chain 
transfer and/or disproportionation, the equation agrees 
with results reported by Gordon,l Macosko and Miller,2 
and Durand and B r ~ n e a u . ~  

Equation 18 is the general gelation condition for f # 0, 
i.e., when termination by combination also takes place. As 
q usually lies in the range 0.99-0.999, the ratio of gel 
conversions for the two limiting cases of termination 
mechanisms is given by 

(19) 

Then, when the termination mechanism shifts from chain 
transfer and/or disproportionation to combination, there 
is a significant decrease of the gel point. 

The weight-average molecular weight of the whole sys- 
tem, i.e., including remaining monomers, is defined as 

Cfragmenta(mass fraction of a particular fragment) x 

infinite. This implies that F(pge,,q,f) = 0 or 

Pgel = ( 1  - q ) / [ a f ( f -  2)(q + f / 2 ) I  

Pgel(f = l ) / P g e l ( f  = 0) = 2 / 3  

Mw = 

(mass attached to a particular fragment) (20) 

Mw = [1/(AzMz + AfMf)I(AzMz(1- P)MZ + 
AfMf(1 - ~ ) [ ( 2 / f ) M f  + Y ( d l  + A&f@q[Mz + Y(+) + 

Y(-)] + A f M f ~ ~ [ ( 2 / f ) M f  + Y(+) + Y(-) + Y(a)I + 
AZMg(1 - q)f[Mz + Y(-) + 21 + 

AfMfP(1- q ) f [ ( 2 / f ) M f  + Y(-) + Y ( a )  + 21 + 
AZMg(1 - q)(1 - E)[Mz + Y(-)I + 

AfMfP(1 - q ) ( l  - 5 ) [ ( 2 / f ) M f  + Y(-) Y(a)IJ (21) 

Using eq 11 to 15 and rearranging, we get 
Mw = (AzMz2 + AfMf2 + 

(2q + f )P .w,M,  + (f/2)AfMfIJ/(AZMZ + AfMf) (22) 

The weight-average molecular weight of the polymer 
fraction, A&,(pol), may be calculated by recognizing that 

Mw = W$w(pOl) + wA~MZ + wMM~ (23) 

where wp, wA2, and wAf are the mass fractions of polymer, 
monomer Az, and monomer Af, respectively. They are 
given by 

w p  = + A f M f [ l  - (1  - ~ ) ~ ~ ~ l l / ( A z M z  + AfMf) 
(24) 

WAZ = AzMz(1- p) / (AzMz + AfMf) (25) 

WN = AjMj(1 - ~ ) f / ' / ( A z M z  + A j M f )  (26) 
From eq 22-26, we get 
AXw(p0l) = (AzMZ2p + AfM?[l - (1  - p ) f / ' ]  + (2q + 

f)PZ[AzMz + (f/2)AfMfIJ/(AZMzP + AfMf[l - (1 - 
P ) ~ / ' I J  (27) 

When termination by combination does not take place ( f  
= 0), eq 27 leads to the same result obtained by Durand 
and B r ~ n e a u . ~  When all mechanisms of termination are 
operative, eq 27 constitutes the general expression for the 
evolution of the weight-average molecular weight. 

In order to calculate the number-average molecular 
weight, it is necessary to relate the number of chain ends 
with the number of moles in the polymer fraction. It is 
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Table I 
Species and Fragments Identified in the A2 + A, Free-Radical Polymerization 

unreacted Az, o 
unreacted double bond of an At, 0- a 
skeleton of an At, 

propagating unit arising from an A2; -o- + 

propagating unit arising from the double bond of an A,; t+ 

I 2 1 . .  . . . .f,21 
P B  P 

0 

fragment moles mass polymer mass fract. 
M!J 

unit terminated by combination (arising from an A*),- t 
unit terminated by combination (arising from an At); t 
unit terminated by transfer or disproportionation (arising from 

unit terminated by transfer or disproportionation (arising from 

a 

-+-I 

an At); r 
initiator, G-+ 

a 

105 I 1 
0 0 0 2  0.04 006 

P 

Figure 1. Weight-average molecular weight of the polymer 
fraction vs reaction extent, for the two limiting cases of [ = 0 
(termination by chain transfer and/or disproportionation) and 
[ = 1 (termination by combination). 

easily seen that, as intramolecular cyclization is neglected, 
any molecule of the polymer fraction has two chain ends 
(units terminated by transfer or disproportionation + in- 
itiators) plus twice the number of reacted branches of the 
Af molecules in addition to the first one. Thus, number 
of moles in the polymer fraction = (moles of chain ends/2) 
- (moles of reacted branches of the Ais, in addition to the 
first one). From Table I, 
moles of chain ends = p ( 1  - q) (2  - [ ) [ A 2  + ( f / 2 ) A , ]  

moles of reacted branches of the Ajs  in addition to the first 
one = 

l ( f / 2 ) ~  - [1 - (1 - ~ ) ~ / ' l ) A f  
Then, the number-average molecular weight of the polymer 
fraction may be obtained by dividing the polymer mass 
by the number of moles in the polymer fraction, 

Mn(p0l) = {A&$ + AfMf[ l  - ( 1  - P ) ~ ' ~ I J /  
1(P/2)(1 - q) (2  - [ ) [A2 + ( f / 2 ) A f l  - 

A f [ ( f / 2 ) p  - (1  - (1  - P ) ~ / ' ) I J  (28) 
When only a bifunctional monomer is used, eq 28 reduces 
correctly to the expression derived in the previous paper.' 

Postgel Stage 
In order to derive statistical parameters in the postgel 

stage, we have to determine the probability of having finite 
chains when leaving a fragment from (+), (-1, (a), and (p) 
linkages and arrows. These probabilities will be called, 

~ ( 1  - q)[Az + ( f / 2 ) A f l  0 

respectively, F(+), F(-), F(a) ,  F(@, and G.  For example, 
F(+) is defined as F(+) = C*w,n,(probability of joining 
a particular fragment having one or more (-) linkages) X 
(probability that all branches leaving the fragment, already 
linked by one of its (-) linkages, are finite). Similar def- 
initions are valid for the remaining probabilities. 

As the total concentration of (-) linkages is equal to p [ A 2  
+ ( f / 2 ) A f ] ,  F(+) is given by 
F(+) = ( l / p [ A 2  + (f/2)Afll1A$qF(+) + 

( f / 2 ) A f p @ ( + ) F ( a )  + A g ( 1 -  q)EG + 
( f / 2 ) A f p ( l  - q)EGF(a) + A g ( 1 -  q ) ( l  - E )  + 

( f / 2 ) 4 ~ ( 1  - q)(1  - E)F(a)J (29) 
Similarly, 
F(-) = (1  /P [A2 + ( f /2)Af  111A$qF(-) + 

( f /P )AQqF(- )F(a )  + ~ ( 1  - q)[A2 + ( f / 2 ) A f l /  (30) 

F(a)  = F(P) f / 2 - 1  (31) 

+ ( f / 2 ) A f d 1  - q)EF(-)G + ( f /2 )AfP(1  - q ) ( l  - E M - ) )  
(32) 

F(P) = [ 2 / ( f A f ) I ( ( f / 2 ) A f ( l -  P) + ( ~ / ~ ) A ~ P Q F ( + ) J ' ( - )  

G = 11 / [ (A ,  + ( f /2 )Af )P(1  - q)51/ x 
(A$(1 - q ) V ( - )  + ( f / 2 ) A f P ( l  - q)EF(-)F(a)J (33) 

Equations 29-33 may be rearranged and solved to give 
(34) 
(35) 
(36) 

(37) 

G = l - X  (38) 
where X is the root between 0 and 1 of the following 
equation: 

F(+) = ( 1  - X ) ( 1 -  EX)  
F(-) = 1 - qx 

F(a) = 1 - [ ( I  - q ) X I / [ a f ( l  - q X ) l  

F(P) = 11 - [ ( I  - q ) x l / [ a f ( l  - qX)lI2/(f-2) 

( 1  - [ ( l  - q ) X ] / [ a f ( l  - qx)112/(f-2) = 
1 - p + p ( l  - qX)2(1  - EX) (39) 

I t  may be seen that X = 0 is always a root of eq 39. It  is 
the only root with physical meaning for p C pgeP For p 
> pgel, the only root with physical sense is the one lying 
between 0 and 1 .  

Now that we have the different probabilities of getting 
finite chains, any statistical parameter in the postgel stage 
may be easily calculated. 

For example, the sol fraction of the whole system, i.e., 
including monomers, is given by w , , ~  = Cfr.wents(mass 
fraction of a particular fragment)(probability that all 
branches leaving the fragment are finite). Then, 
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WSOI = [1 / (AzMz  + A ~ M ~ ) I I A ~ M z ( ~  + 
AfMf(1  - p ) F ( a )  + A & f g q F ( + ) F ( - )  + 

AfMfpqF(+)F(-)F(a) + A 2 M ~ o ( l  - q)EF(-)G + 
AfMfp(1 - q)FF(-)F(a)G + A 2 M d l  - q)(l  - E)F(-) + 

Rearranging with the use of eq 34-39 leads to 
wsoi = I1 - [ A f M f ( l  - q ) X I / [ ( A & f z  + A f M f ) a f ( l  - 

AfMfP(1 - 4) (1  - E)F(-)F(a)I (40) 

q X ) l ) [ 1  - P + p ( 1  - gXI2(1  - W ) ]  (41) 
The sol fraction of the polymeric material, w,l(pol), may 

be calculated by taking into account that 
Wso1 = w,ol(Pol)wp + 1 - wp (42) 

where wp is the polymeric mass fraction, given by eq 24. 
Then, 

(43) 
A particular fragment is part of a pendant chain if only 

one of its arms is joined to the gel. Thus, the mass fraction 
of pendant chains is given by 

WSOl(P0l) = (%Ol + w p  - U / W p  

wpendant = [ ~ / ( A z M z  AfMf)I[AfMf(l - P)[l  - F(a)I + 
A2M$q{F(+)[1 - JY-11 + F ( - ) [ l  - F(+)I) + 

AfMfPdF(+)F(- ) [1  - F(a)I + 
F ( + ) F ( a ) [ l  - F(-)l + F(-)F(a)[1 - F(+)ll + 
AzMg(1 - q)E(F(-)(l - G) + G [ l  - F(-)11 + 

A$fp(l - q)F(F(-)F(a)(l - G) + G F ( d [ 1  - F(-)l + 
GF(-)[1 - F(a)11 + A z M g ( 1  - q) (1  - - JY-11 + 

AfMfP(1 - q ) ( l  - F)W.- ) [1  - F(a)l  + F ( a ) [ l  - F(-)l)l 
(44) 

The mass fraction of pendant chains in the polymer 
fraction is given by 

wpendant(Pol) = wpendant/wp (45) 
As the material that does not pertain to the sol or to 

pendant chains is part of elastic chains, its mass fraction 
is given by 

Welastic(pO1) = 1 - weol(pol) - wpendant(PO1) (46) 
In order to calculate the fraction of cross-linking units 

of degree f ,  i.e., Ai units of the polymer fraction with its 
farms going to the gel, one must look for the probability 
that the f /2  branches of the At skeleton, shown in Table 
I, are bonded to propagating units or units terminated by 
combination, both having its remaining two arms joined 
to the gel. Then, the fraction of cross-linking units of 
degree f in the polymer is given by 
Xf = 1 1 / [ 1  - ( 1  - P ) f / z l l b q [ l  - F(+)1 x 

[I - F(-)l + p(1 - q)5(1 - G)[1 - F(-)11f’2 (47) 
The first factor represents the total moles of A, dividea 
by the moles in the polymer fraction. The second factor 
represents the simultaneous probability that the f /2  
branches are joined to units having the two remaining arms 
going to the gel. Using eq 34,35, and 38 and rearranging, 
we get 
X f  = b q X 2 [ q ( l  - FX) + EJ)f”/[l  - ( 1  - ~ ) f ” ]  (48) 

In a similar way, one may calculate the fraction of 
cross-linking units of degree ( f  - l ) ,  ( f  - 2), etc. For 
example, and following a similar reasoning, Xf- l  is given 
by 
Xf-1 = (1/[1 - ( 1  - P)f’211bq[l - F(+)1 x 

[ l  - F(-)] + p(1 - q)‘gl  - C)[l - F(-)]}f /2-1 x 
Ipq(F(+)[l  - F(-)l + F(-)[l - F(+)J) + 
p ( 1  - q)€(JY-)(l - G) + G [ 1  - F(-)l) + 

P ( 1  - q)(1 - 
Equation 49 is based on the fact that there are (f/2) 

- F(-)lKf/2) (49) 
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Figure 2. Mass fractions of soluble and elastic material of the 
polymer vs reaction extent, for the two limiting cases of 5 = 0 
(termination by chain transfer and/or disproportionation) and 
5 = 1 (termination by combination). 

possibilities of combing (f/2 - I )  branches going to infinite 
in two directions plus one branch going to infinite in only 
one direction. Using eq 34, 35, and 38, we get 

Xf-1 = I(f/2)bqX2[q(l - W) + 411f/2-1px(l - q X )  x 
- EX) + 51)/[1 - (1 - P ) ~ ” ]  (50) 

In order to show the implications of changes in the 
termination mechanism on the network structure, we will 
analyze the same system considered by Macosko and 
Miller2” in two limiting cases: termination by combination 
(4  = 1 )  and termination by chain transfer and/or dispro- 
portionation ( 5  = 0). 

Example 

methyl methacrylate with ethylene dimethacrylate: 
Consider the reaction of a vinyl with a divinyl such as 

H2C=C(CH3) i- HzC=C(CH3) 
I 

I 

COOCH2 COOCH3 

( A 2 )  COOCH2 

I 
I 

H2C=C( CH 3) 

( A 4 )  

Assume q = 0.999 and A4/(A2 + A4)  = 0.005 (af  = 9.95 X 

Figure 1 shows the evolution of the weight-average 
molecular weight of the polymer fraction, for the two lim- 
iting termination mechanisms. As expected, when chains 
are terminated by combination ( E  = 11, HW shows the 
highest values for every reaction extent and the polymer 
gels a t  the lowest conversion. 

Mass fractions of soluble and ehstic material belonging 
to the polymer are plotted in Figure 2, as a function of the 
reaction extent. Termination by combination leads to a 
decrease in the amount ok $01 and an increase in the 
amount of elastic material, when compared with termi- 
nation by chain transfer and/or disproportionation. The 
fact that systems with E = 1 show practically no sol fraction 
in the polymer, a t  high reaction extents, may be of prac- 
tical interest. 

When p = 1, only a very small difference in the elastic 
mass fraction corresponding to 5 = 0 and 1 is observed. 
However, as is shown in Figure 3, the evolution of the 
concentration of cross-linking points ( X ,  and X 4 )  in the 
polymer is significantly affected by the nature of the 
termination mechanism. At p = 1, termination by com- 

10-3). 



Macromolecules 1988,21, 2575-2578 2575 

-n 

Figure 3. Fraction of A4 molecules belonging to the polymer, 
with three (X,) and four (X4) arms going to the gel, as a function 
of reaction extent, for the two limiting cases of [ = 0 (termination 
by chain transfer and/or disproportionation) and 6 = 1 (termi- 
nation by combination). 

bination leads to X 3  = 0.177 and X4 = 0.812, while ter- 
mination by chain transfer and/or disproportionation leads 
to the following values: X 3  = 0.276 and X4 = 0.679. Thus, 
it may be reasonably expected that both types of networks 
will show different macroscopic properties. For example, 
it  may be inferred that, due to the increase in the overall 
concentration of cross-linking points ( X ,  + X,) as well as 
in the relative amount of X4 with respect to X,, both the 
rubbery elastic modulus and the glass transition temper- 

ature will be higher for a network where termination takes 
place by combination (when compared with the same 
network with termination taking place by chain transfer 
and/or disproportionation). 

Conclusions 
By use of a fragment approach, statistical parameters 

of networks built up by a free-radical mechanism could be 
obtained both in pre- and postgel stages. This analysis 
introduces the effect of the nature of the termination 
mechanism on the network structure. When the termi- 
nation mechanism is shifted from chain transfer and/or 
disproportionation to combination, gelation is advanced 
by a factor of 213, the amount of soluble material in the 
polymer fraction decreases, and the amount of elastic 
material in the polymer increases while showing a higher 
concentration of the cross-linking units with the highest 
possible functionality. It may, then, be inferred that a 
change in termination mechanism will be associated with 
variations in the macroscopic properties of the resulting 
network. 

Registry No. Methyl methacrylate, 80-62-6; ethylene di- 
methacrylate, 97-90-5. 
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ABSTRACT It was checked how the first cumulant Q and the hydrodynamic radius R H  of polymer dynamics 
in dilute solutions in good solvent limit were influenced by short-range correlation between the chain elements. 
For a scaling form of the element distribution and Oseen hydrodynamic interaction in the Kirkwood scheme, 
Q at the q3 regime was not affected by the short-range correlation, but RH at smaller q was strongly affected. 
This result might indicate (1) an inadequacy of the Oseen description of hydrodynamic interaction in the 
Kirkwood formula and/or (2) the approximate nature (or a lack of accuracy) of the Kirkwood formula. 

Introduction 
The translational diffusion coefficient D (or the equiv- 

alent hydrodynamic radius RH) and the first cumulant D 
of a single flexible polymer chain in dilute solutions have 
been made experimentally clear by dynamic light-scat- 
bring spectroscopy in wide ranges of the scattering vector 
(q )  and the molecular weight.' It has recently been re- 
vealed that in the highly swollen state these characteristics 
were in apparent agreement with those of the nondraining 
Gaussian chain model with nonpreaveraged Oseen hy- 
drodynamic interaction, i.e., the characteristic ratio RH/RG 
and the reduced first cumulant D/(q3kBT/qo) were very 
close to the theoretical values in the unperturbed chain 
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state.2 Here RG is the static radius of gyration of the 
polymer. However, this agreement is very curious since 
the element distribution in the swollen chain is not 
Gaussian at all. Use of the realistic element d i s t r ibu t i~n ,~~  
where the small-distance behavior is taken into consider- 
ation by a scaling form, may help this curious situation. 
In this paper, we investigate effects of the short-range 
correlation between chain elements on RH and Q through 
the scaling form. 

Calculation and Results 

general diffusion theory of K i r k ~ o o d , ~  the 
According to the Akcasu-Guro14 treatment based on the 

of a chain 
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